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Abstract
We analyze scattering amplitudes with one soft external graviton and arbitrary number of
other finite energy external states carrying arbitrary mass and spin to sub-subleading order in
the momentum of the soft graviton. Our result can be expressed as the sum of a universal part
that depends only on the amplitude without the soft graviton and not the other details of the
theory and a non-universal part that depends on the amplitude without the soft graviton, and
the two and three point functions of the theory. For tree amplitudes our results are valid in all
space-time dimensions while for loop amplitudes, infrared divergences force us to restrict our
analysis to space time dimensions five or more. With this restriction the results are valid to all
orders in perturbation theory. Our results agree with known results in quantum field theories
and string theory.
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1 Introduction and summary
Soft graviton theorem has been studied extensively in recent years [1–29], primarily due to
its connection to asymptotic symmetries [30–39] (see [40] for a recent review). It relates the
scattering amplitude of a set of finite energy particles and a low momentum (soft) graviton to
an amplitude without the low momentum graviton. Soft theorems are also known to hold in
string theories [41–55]. Our goal in this paper will be to analyze sub-subleading soft graviton
theorem – that gives the result for the above mentioned scattering amplitude to the sub-
subleading order in the energy of the soft graviton.
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Our main result is that in a generic theory the sub-subleading soft graviton amplitude is
given by a sum of a standard set of terms that are universal, independent of the theory, and
a non-universal term that depends on the theory. The standard terms, reproduced in all but
the last line of eq. (2.44), can be found e.g. in [6] after appropriate generalizations to arbitrary
dimensions. On the other hand for scattering of N finite energy particles carrying momenta
p1, · · · pN and a soft graviton carrying momentum k and polarization ε, the correction term
takes the form
{εµνkρkσ − εµσkνkρ − ενρkσkµ + ερσkµkν}
N∑
i=1
1
pi · k
∑
i′
Bµρνσi,i′ (pi) Γi→i′ (1.1)
where the sum over i′ runs over all on-shell states carrying the same mass and momentum
as the external state i and Γi→i′ denotes the original amplitude without the soft graviton,
and the ith state replaced by i′. The quantity Bµνρσi,i′ (pi) is a function of the momentum pi
carried by the i-th external particle and depends on the quadratic and cubic terms in the one
particle irreducible (1PI) effective action. For a given action B can be computed explicitly (see
eqs.(2.44), (2.45)).
As our analysis is based on general properties of the 1PI effective action, our results are valid
for any general coordinate invariant theory of gravity coupled to other fields, including string
theory. For tree amplitudes there is no restriction on the number of space-time dimensions.
However for loop amplitudes, infrared divergences [56] force us to restrict our analysis to five or
more space-time dimensions. A more detailed investigation of soft graviton theorem in generic
theories of gravity in four dimensions is left for future investigation.
If we focus our attention on the theory of massless fields in four dimensions, possibly
obtained by integrating out other massive fields, then Weinberg-Witten theorem excludes the
presence of interacting particles of spin > 2. For tree level scattering of massless particles
of spin ≤ 2 we can list all possible three point couplings that can possibly contribute to the
function Bµρνσi,i′ (pi) appearing in (1.1). These have been listed in eqs.(4.19) and (4.37). Their
contribution to Bµρνσi,i′ (pi) can be evaluated easily. In the spinor helicity representation they
reproduce the results of [57]. Of course our general result (1.1) is more general and holds in any
space-time dimensions and also for massive higher spin fields. In particular it can also be used
to reproduce various results on sub-subleading soft graviton amplitudes in string theory [50,52]
involving scattering of massless as well as massive fields.
Our analysis is based on the idea used in [54, 55] in which the coupling of a soft graviton
to the rest of the fields is obtained by covariantizing the gauge fixed 1PI effective action of the
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finite energy particles with respect to the soft graviton background. It is natural to ask if the
same technique can be used to extend the analysis to next order in soft momentum. However
at the end of section 2 we have argued that at least this technique is not extendable to the
next order.
In fact, there maybe a deeper reason as to why for generic configuration of external states,
soft theorems do not appear to extend beyond subleading order in gauge theories and sub-
subleading order in gravity. It is now becoming increasingly evident that soft theorems are
statements about (asymptotic) symmetries of the underlying theory [40]. In the case of QED,
it was argued in [58] that if the soft theorems in QED were to extend beyond subleading order,
the associated asymptotic symmetries will be ill-defined in the sense that the corresponding
charges will be divergent. One expects similar divergences to occur in gravity, if one were
to extend the emergence of soft theorems from asymptotic symmetries beyond sub-subleading
order [34–36].
For special configurations of external states as in the case of MHV amplitude, it was shown
in [8] that factorization theorem holds to all orders in graviton energy. In view of the discussion
above this seems accidental. A more detailed investigation of such results from the perspective
presented in this paper is left for future investigation.
The rest of the paper is organized as follows. In section 2 we analyze amplitudes with one
external soft graviton and arbitrary number of other external states in any theory of gravity
coupled to matter field to sub-subleading order in the soft momentum. The final result is given
in (2.44), (2.45). These are the main results of our paper. In section 3 we show that our result
(2.44), (2.45) depends only on the on-shell data of an amplitude without the soft graviton,
even though individual terms in these equations depend on the off-shell continuation. Sections
4 and 5 involve comparing our general result with known tree level results in quantum field
theories and string theory, and we find perfect agreement.
The usual S-matrix in four space-time dimensions suffers from infrared divergence in the
presence of massless particles. Therefore for loop amplitudes we need to restrict our analysis
to five or more space-time dimensions D. Even though infrared divergences do not affect the
usual S-matrix elements for D ≥ 5, they may still alter the behaviour of an amplitude in
the soft limit by producing additional singularities that are not included in our analysis of
section 2. In section 6 we analyze this possibility in detail and show that no such additional
divergences arise. Therefore we can trust the result of section 2 for loop amplitudes in D ≥ 5.
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Figure 1: The leading contribution.
2 Sub-subleading soft graviton theorem
We consider a general theory of gravity coupled to other matter fields and focus on a scatter-
ing amplitude involving one soft graviton of momentum k and polarization ε, satisfying the
constraints
k2 = 0, εµν = ενµ, k
µεµν = 0, ε
µ
µ = 0 . (2.1)
The amplitude is given by a sum of two types of diagrams, shown in Figs. 1 and 2. Fig. 1
represents sum of all diagrams where the soft graviton is attached to one of the external finite
energy lines via 1PI three point vertex. Fig. 2 contains the sum of the rest of the diagrams.
The leading contribution in the soft limit k → 0 comes from Fig. 1 due to the pole associated
with the propagator carrying momentum pi+ k. Fig. 2 does not have such poles and therefore
begins contributing at the subleading order.
We shall now describe separately the evaluation of these two classes of diagrams. In doing
this we shall follow the strategy of [54, 55], i.e. first choose a covariant gauge fixing of the 1PI
effective action of finite energy fields (including gravitons), expanded in a power series in the
fields around flat space-time background, and then determine the coupling of the soft graviton
to the finite energy fields by replacing the background flat metric by soft graviton background
metric and ordinary derivatives by covariant derivatives computed using the soft graviton
background metric. As in [55], the finite energy fields will be assumed to carry flat tensor
indices associated with the tangent space group so that their covariant derivatives involve the
spin connection and not the Christoffel symbol.
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·
ǫN , pN
ε, k
Γ˜
Figure 2: The subleading contribution.
2.1 Evaluation of Fig. 2
In this section we shall analyze Fig. 2 which begins contributing at the subleading order. Let
us denote this by Γ˜(ε, k; ǫ1, p1, . . . ǫN , pN), where (ε, k) are the polarizations and momentum of
the soft graviton and (ǫi, pi) are the polarizations and momentum of the i-th external state. All
external propagators are amputated in the definition of Γ˜. We shall also assume that all the
external fields are normalized correctly so that we do not need to keep track of wave-function
renormalization factors in relating the amplitudes to S-matrix elements. We shall include an
explicit momentum conserving delta function in the expression for the amplitude and treat
the pi’s and k as independent variables while taking derivative of the amplitude with respect
to these momenta. We shall not impose any on-shell condition on (ǫi, pi) till the end after all
the derivatives with respect to momenta are taken, but the soft graviton will be taken to be
on-shell from the beginning. Finally we allow the polarization tensor ǫi to depend on pi but
no other external momenta and the polarization ε of the soft graviton to depend on k but no
other momenta.
Our goal will be to express Γ˜ in terms of the amplitude without the soft graviton shown in
Fig. 3. This has the form
ǫ1,α1 · · · ǫN,αNΓα1...αN (p1, . . . pN)(2π)Dδ(D)(p1 + · · · pN) (2.2)
where we shall take the index α to run over all the fields Φα present in the theory. We shall
assume that all fields carry tangent space indices so that the fields {Φα} belong to some large
reducible representation of the local Lorentz group. There is an ambiguity in defining the
function Γα1...αN (p1, . . . pN) since we can add to it any term that vanishes when
∑
i pi = 0.
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ǫ1, p1
ǫ2, p2 ·
·
ǫN , pN
Γ
Figure 3: The amplitude without the soft graviton.
We shall not impose any restriction on how we resolve this ambiguity except for the (anti-
)symmetry of Γα1...αN (p1, . . . pN) under the exchange (αi, pi)↔ (αj , pj) for any pair (i, j). We
also introduce the shorthand notation
Γαi(i)(pi) =
 N∏
j=1
j 6=i
ǫj,αj
Γα1...αN (p1, . . . pN)(2π)Dδ(D)(p1 + · · · pN) (2.3)
where in the argument of Γ(i) we have suppressed the momenta pj and polarizations ǫj for
j 6= i.
We shall now determine the amplitude shown in Fig. 2 from the one in Fig 3 by noting
the following. We can determine the coupling of a soft graviton to the finite energy fields by
replacing, in the expression for (2.2) written in position space, all derivatives ∂µ by covariant
derivatives Dµ, and eventually converting them to flat space index by contracting them with
the inverse vielbein E µa . This procedure can be regarded as the result of covariantization of
the amputated Green’s function with respect to the general coordinate transformation of the
background soft graviton field.
To first order in the soft graviton field the inverse vielbein is given by
E µa = δ
µ
a − S µa (2.4)
where S µa is the soft graviton
Sµν = εµνe
ik·x , (2.5)
and all indices are raised and lowered by the flat metric η. For constructing the covariant
derivative we also need the expression for the spin connection ωabµ and Christoffel symbol Γ
ρ
µν .
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To first order in the soft graviton field these are given by
ωabµ = ∂
bS aµ − ∂aS bµ = i eik·x
(
kbε aµ − kaε bµ
)
, (2.6)
and
Γρµν = ∂µS
ρ
ν + ∂νS
ρ
µ − ∂ρSµν = i eik·x
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
. (2.7)
The covariant derivative has two kinds of terms. Acting on a field Φα transforming in some
(not necessarily irreducible) representation R of the Lorentz group, it has a piece
1
2
ωabµ (Jab)
β
α Φβ (2.8)
where Jab is the generator of the Lorentz group in the representation R normalized so that
acting on a covariant vector field
(Jab) dc = δ
a
cη
bd − δbcηad . (2.9)
The second kind of term arises from the fact that when Dµ is preceded by a Dν operation, we
get a factor of
−ΓρµνDρ . (2.10)
Since Γρµν already contains a factor of soft graviton field snd since we shall work to first order
in the soft graviton field, we can replace Dρ by ∂ρ in (2.10). This leads to the simple rule that
for every pair of derivatives we get a factors of −Γρµν∂ρ.
Since in momentum space a derivative is replaced by ipµ, the above considerations give the
following expression for the amplitude in Fig 2 in terms of the amplitude in Fig. 3 to order kρ:
(2π)D δ(D)(p1 + · · ·pN + k)
N∏
j=1
ǫj,αj
N∑
i=1
[
−δ αiβi ε νµ piν
∂
∂piµ
+ kbε aµ (Jab)
αi
βi
∂
∂piµ
− 1
2
δ αiβi
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
piρ
∂2
∂piµ∂piν
]
Γα1···αi−1βiαi+1···αN (p1, . . . , pN) . (2.11)
In this the first term inside the square bracket is the effect of multiplication by inverse vielbein
to convert the space-time indices carried by the momenta to tangent space indices. The second
term represents the effect of the spin connection term in the covariant derivative and the third
factor represents the effect of the Christoffel symbol term in the covariant derivative. The shift
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by k of the argument of the delta function represents the effect of the multiplicative factor of
eik·x from the soft graviton field in the position space representation of the amplitude.
We shall now show that we can bring the momentum conserving delta function in (2.11)
to the right of the derivatives so that the derivatives also act on the delta function. We begin
with second and the third terms in the square bracket. Their contribution to (2.11) may be
expressed as
N∏
j=1
ǫj,αj
N∑
i=1
[
kbε aµ (Jab)
αi
βi
∂
∂piµ
− 1
2
δ αiβi
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
piρ
∂2
∂piµ∂piν
]
{
Γα1···αi−1βiαi+1···αN (p1, . . . , pN)(2π)
D δ(D)(p1 + · · · pN + k)
}
+ J1 + J2 , (2.12)
where
J1 = (2π)
D
{
N∏
j=1
ǫj,αj
}
Γα1...,αN (p1, . . . , pN)
1
2
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
N∑
i=1
piρ
∂2
∂piµ∂piν
δ(D)(p1 + · · ·pN + k) (2.13)
and
J2 = −(2π)D
{
N∏
j=1
ǫj,αj
}
N∑
i=1
∂
∂piµ
δ(D)(p1 + · · · pN + k)[
kbε aµ (Jab)
αi
βi
− δ αiβi
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
piρ
∂
∂piν
]
Γα1...αi−1βiαi+1,...,αN (p1, . . . , pN) .
(2.14)
J1 cancels the term where both derivatives in the last term in the square bracket in (2.12) act
on the delta function, whereas J2 cancels the terms in (2.12) where one momentum derivative
acts on the delta function.
We shall first analyze J1. In (2.13) we can replace ∂
2/∂piµ∂piν by ∂
2/∂kµ∂kν using the fact
that the argument of the delta function contains sum of all the pi’s and k. We can now bring
the
∑N
i=1 piρ factor inside the derivative and finally replace it by −kρ using the delta function.
This gives
J1 = (2π)
D
{
N∏
j=1
ǫj,αj
}
Γα1...,αN (p1, . . . , pN)
1
2
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
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∂2
∂kµ∂kν
[−kρδ(D)(p1 + · · · pN + k)]
= (2π)D
{
N∏
j=1
ǫj,αj
}
Γα1...,αN (p1, . . . , pN)
1
2
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
[
−kρ ∂
2
∂kµ∂kν
− δ µρ
∂
∂kν
− δ νρ
∂
∂kµ
]
δ(D)(p1 + · · · pN + k)
= 0 (2.15)
where in the last step we have used (2.1).
On the other hand in the expression (2.14) for J2 we can replace each of the ∂/∂piµ operator
acting on the momentum conserving delta function by ∂/∂kµ and express it as
J2 = −(2π)D
{
N∏
j=1
ǫj,αj
}
∂
∂kµ
δ(D)(p1 + · · · pN + k)
×
N∑
i=1
[
kbε aµ (Jab)
αi
βi
− δ αiβi
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
piρ
∂
∂piν
]
Γα1...αi−1βiαi+1,...,αN (p1, . . . , pN) .
(2.16)
Now Lorentz covariance of Γα1...αN (p1, . . . , pN) implies
N∑
i=1
[
(Jab) αiβi Γ
α1...αi−1βiαi+1,...,αN (p1, . . . , pN)− {pai
∂
∂pib
− pbi
∂
∂pia
}Γα1...αN (p1, . . . pN)
]
= 0 .
(2.17)
Using this (2.16) may be expressed as
J2 = −(2π)D
{
N∏
j=1
ǫj,αj
}
∂
∂kµ
δ(D)(p1 + · · · pN + k)
N∑
i=1
[
kbεµa{pai
∂
∂pib
− pbi
∂
∂pia
} − {kµε ρν + kνε ρµ − kρεµν} piρ ∂∂piν
]
Γα1...αN (p1, . . . , pN)
= (2π)D
{
N∏
j=1
ǫj,αj
}
∂
∂kµ
δ(D)(p1 + · · · pN + k)kµε ρν
N∑
i=1
piρ
∂
∂piν
Γα1...αN (p1, . . . , pN) .
(2.18)
We now turn to the contribution from the first term inside the square bracket in (2.11).
By expanding the delta function in Taylor series expansion in k and keeping terms up to order
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kµ, we get
−(2π)D
{
N∏
j=1
ǫj,αj
}
δ(D)(p1 + · · · pN)ε ρν
N∑
i=1
piρ
∂
∂piν
Γα1...αN (p1, . . . , pN) + J3 (2.19)
where
J3 = −(2π)D
{
N∏
j=1
ǫj,αj
}
∂
∂kµ
δ(D)(p1+· · · pN+k) kµε ρν
N∑
i=1
piρ
∂
∂piν
Γα1...αN (p1, . . . , pN) . (2.20)
Note that in a Taylor series expansion we would normally set k in the argument of δ(D) to zero
after taking the derivative. However to this order in the expansion in powers of k, it does not
make any difference. Using the relation
ε ρν
N∑
i=1
piρ
∂
∂piν
δ(D)(p1 + · · · pN) = ε ρν
N∑
i=1
piρ
∂
∂p1ν
δ(D)(p1 + · · · pN)
=
∂
∂p1ν
N∑
i=1
piρ δ
(D)(p1 + · · · pN)− ε νν δ(D)(p1 + · · ·pN ) = 0 (2.21)
we can express (2.19) as
−
{
N∏
j=1
ǫj,αj
}
ε ρν
N∑
i=1
piρ
∂
∂piν
{Γα1...αN (p1, . . . , pN)(2π)D δ(D)(p1 + · · · pN)}+ J3 . (2.22)
The total contribution from Fig. 2, given in (2.11), is given by the sum of (2.12) and (2.22).
We have seen from (2.15) that J1 vanishes. On the other hand (2.18) and (2.20) shows that
J2 + J3 vanishes. Furthermore, since we need the terms up to order k, we can set k = 0 in the
argument of the delta function in (2.12). This gives the net contribution to Fig. 2 to order k
as
I0 =
N∏
j=1
ǫj,αj
N∑
i=1
[
−ε ρν piρ
∂
∂piν
δ αiβi + k
bε aµ (Jab)
αi
βi
∂
∂piµ
−1
2
δ αiβi
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
piρ
∂2
∂piµ∂piν
]
{
Γα1···αi−1βiαi+1···αN (p1, . . . , pN)(2π)
D δ(D)(p1 + · · · pN )
}
. (2.23)
Using (2.3) and the fact that ǫj is independent of pi for j 6= i, (2.23) may be rewritten as
I0 =
N∑
i=1
ǫi,αi
[
−ε ρν piρ
∂
∂piν
δ αiβi + k
bε aµ (Jab)
αi
βi
∂
∂piµ
−1
2
δ αiβi
{
kµε
ρ
ν + kνε
ρ
µ − kρεµν
}
piρ
∂2
∂piµ∂piν
]
Γβi(i)(pi) . (2.24)
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2.2 Evaluation of Fig. 1
We now turn to the evaluation of the contribution from Fig. 1. To evaluate this we begin by
writing the quadratic term in the 1PI effective action:
S(2) =
1
2
∫
dDq1
(2π)D
dDq2
(2π)D
Φα(q1)Kαβ(q2)Φβ(q2) (2π)Dδ(D)(q1 + q2) , (2.25)
where we take
Kαβ(q) = Kβα(−q) . (2.26)
For grassmann odd fields there will be an additional minus sign on the right hand side of (2.26),
but the final result is unaffected by this. For this reason we shall proceed by taking the fields
to be grassmann even. The full propagator computed from this action has the form
Ξ(q) (q2 +M2)−1 , (2.27)
where
Ξ(q) = i(q2 +M2)K−1(q) . (2.28)
At this stage M is taken to be an arbitrary mass parameter. Lorentz covariance of K and Ξ
implies the relations
Kαγ(q)(Jab) βγ +Kγβ(q)(Jab) αγ = qa
∂Kαβ(q)
∂qb
− qb∂K
αβ(q)
∂qa
, (2.29)
−Ξαγ(q)(Jab) γβ − Ξγβ(q)(Jab) γα = qa
∂Ξαβ(q)
∂qb
− qb∂Ξαβ(q)
∂qa
. (2.30)
For computing the propagator carrying momentum pi + k in Fig. 1 we shall take M to be
the mass Mi of the i-th incoming particle and call the corresponding Ξ(q) as Ξ
i(q). In that
case the polarization vector ǫi,α and the momenta pi of the i-th external state will satisfy the
on-shell condition
ǫi,αKαβ(pi) = 0 , p2i +M2i = 0 . (2.31)
We shall now determine the coupling of the soft graviton to a pair of finite energy particles
by covariantizing the action (2.25) with respect to the background soft graviton field. We shall
assume that while covariantizing, we replace ordinary derivatives by covariant derivatives and
symmetrize under arbitrary permutations of these derivatives. This may differ from the actual
action by terms proportional to the Riemann tensor of the soft graviton. The effect of such
additional couplings will be taken care of separately.
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We now list the effect of coupling the action (2.25) to the soft graviton field carrying
momentum k and polarization ε, up to sub-subleading order in the soft momentum k:
1. Since the soft graviton carries momentum k, the δ(D)(q1+q2) is replaced by δ
(D)(q1+q2+k).
2. For every derivative ∂µ acting on Φβ or its derivatives, we get a term −ε νµ ∂ν from
having to convert the space-time index associated with ∂µ to tangent space index by the
replacement ∂µ → E νµ ∂ν . This is done at the very last step after all the other steps
mentioned below have been performed. Once this replacement is made, the indices can
be contracted using the flat metric η.
3. For every derivative ∂µ acting on Φβ we get a term
1
2
ωabµ (Jab)
γ
β Φγ from having to replace
ordinary derivatives by covariant derivatives.
4. For every pair of derivatives ∂µ and ∂ν acting on Φβ, we get an additional term −Γρµν∂ρΦβ
due to the fact thatDµ acting onDν generates a term−ΓρµνDρ. This factor is independent
of the relative order of Dµ and Dν .
5. For every pair of derivatives ∂µ and ∂ν acting on Φβ we get an additional term
1
2
∂(µω
ab
ν)(Jab)
γ
β Φγ
due to the left-most derivative acting on the spin connection.
6. For every triplet of derivatives ∂µ, ∂ν and ∂ρ acting on Φβ, we get an additional term
−∂(ρΓσµν)∂σΦβ due to the left-most derivative acting on the Christoffel symbol.
Of these the first four effects also appeared in our analysis of Fig. 2 in section 2.1. The last
two effects generate two powers of soft momentum and do not affect the evaluation of Fig. 2
which begins to contribute only at the subleading order. Using (2.6), (2.7) and the fact that
in momentum space ∂µΦα is represented by iqµΦα(q), we get the following action describing
the coupling of the soft graviton to the Φ field
S(3) =
1
2
∫
dDq1
(2π)D
dDq2
(2π)D
(2π)Dδ(D)(q1 + q2 + k)
×Φα(q1)
[
− εµνqν2
∂
∂q2µ
Kαβ(q2) + 1
2
(kb εaµ − ka εbµ) ∂
∂q2µ
Kαγ(q2)
(
Jab
) β
γ
−1
2
∂2Kαβ(q2)
∂q2µ∂q2ν
q2ρ
(
kµε
ρ
ν + kνε
ρ
µ − kρεµν
)
+
1
4
∂2Kαγ(q2)
∂q2µ∂q2ν
kµ
(
kbε aν − kaε bν
)
(Jab)
β
γ
−1
6
∂3Kαβ(q2)
∂q2µ∂q2ν∂q2ρ
q2σkρ
(
kµε
σ
ν + kνε
σ
µ − kσεµν
) ]
Φβ(q2) . (2.32)
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To (2.32) we could add an additional coupling of the fields Φα to the Riemann tensor con-
structed from the soft graviton:
S¯(3) ≡ 1
2
∫
dDq1
(2π)D
dDq2
(2π)D
(2π)Dδ(D)(q1 + q2 + k)Rµρνσ Φα(q1)Bαβ;µρνσ(q2) Φβ(q2) . (2.33)
where
Rµρνσ ≡ εµνkρkσ − εµσkνkρ − ενρkσkµ + ερσkµkν (2.34)
is the linearized Riemann tensor of the soft graviton written in the momentum space. For the
Riemann tensor we are using the convention
Rµρνσ = ∂νΓµσρ − ∂σΓµνρ + Γ Γ terms . (2.35)
(2.34) includes an extra minus sign from having to convert ∂ρ to i kρ when we go from position
space description to momentum space description. (2.33) represents a non-minimal coupling
of the soft graviton to the fields Φα that is not obtained from covariantization of the kinetic
term. We can choose Bαβ;µρνσ(q2) = Bβα;µρνσ(−q2 − k).
We now turn to the evaluation of Fig. 1. The propagator gives a factor of Ξiαβ(−pi) {(pi +
k)2 +M2i }−1 = (2pi · k)−1 Ξiαβ(−pi) where now
Ξi(p) ≡ Ξ(p)|M=Mi = i (p2 +M2i )K−1(p) . (2.36)
Therefore the contribution to Fig. 1 is given by
(2pi · k)−1ǫi,α
{
Γ(3)αβ(ε, k; pi,−pi − k) + Γ¯(3)αβ(ε, k; pi,−pi − k)
}
Ξiβδ(−pi − k) Γδ(i)(pi + k) ,
(2.37)
where Γ(3) and Γ¯(3) are the contributions of S(3) and S¯(3) to the 1PI three point vertices of
two finite energy external states carrying labels α and β and momenta pi and −pi− k and one
external soft graviton carrying momentum k and polarization ε. We have from (2.32), (2.33)
Γ(3)αβ(ε, k; p,−p− k)
=
i
2
[
− εµν(p+ k)ν ∂
∂pµ
Kαβ(−p− k)− εµνpν ∂
∂pµ
Kβα(p)
+
1
2
(ka εbµ − kb εaµ) ∂
∂pµ
Kαγ(−p− k) (Jab) β
γ
− 1
2
(ka εbµ − kb εaµ) ∂
∂pµ
Kβγ(p) (Jab) α
γ
+
1
4
∂2Kαγ(−p− k)
∂pµ∂pν
kµ
(
kbε aν − kaε bν
)
(Jab)
β
γ +
1
4
∂2Kβγ(p)
∂pµ∂pν
kµ
(
kbε aν − kaε bν
)
(Jab)
α
γ
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−1
2
∂2Kαβ(−p− k)
∂pµ∂pν
(−pρ − kρ)
(
kµε
ρ
ν + kνε
ρ
µ − kρεµν
)
−1
2
∂2Kβα(p)
∂pµ∂pν
pρ
(
kµε
ρ
ν + kνε
ρ
µ − kρεµν
)
−1
6
∂3Kαβ(−p− k)
∂pµ∂pν∂pρ
(pσ + kσ)kρ
(
kµε
σ
ν + kνε
σ
µ − kσεµν
)
−1
6
∂3Kβα(p)
∂pµ∂pν∂pρ
pσkρ
(
kµε
σ
ν + kνε
σ
µ − kσεµν
) ]
, (2.38)
and
Γ¯(3)αβ(ε, k; p,−p− k) = iRµρνσ Bαβ;µρνσ(−p) , (2.39)
to order k2 in Taylor series expansion in powers of the soft momentum k.
The contribution of (2.39) to (2.37) is easy to evaluate. Since we already have two factors
of soft momentum in the vertex, we can set k = 0 in the argument of Ξi and Γ(i). Therefore
this contribution is given by
I1 =
i
2
N∑
i=1
(pi · k)−1Rµρνσ ǫi,α Bαβ;µρνσ(−pi)Ξiβδ(−pi)Γδ(i)(pi) . (2.40)
In order to evaluate the contribution from the Γ(3) part of the vertex to (2.37) we follow
the following strategy:
1. First we replace all factor of Krs(pi) by Ksr(−pi) using (2.26).
2. In each product of K, Ξi and Jab factors, we first use (2.29), (2.30) to move the Jab
factors to the extreme right so that its index is contracted with that of Γ(i). For this we
have to rewrite (2.29), (2.30) as
Kγβ(q)(Jab) αγ = −Kαγ(q)(Jab) βγ + qa
∂Kαβ(q)
∂qb
− qb∂K
αβ(q)
∂qa
,
Ξiγβ(q)(J
ab) γα = −Ξiαγ(q)(Jab) γβ − qa
∂Ξiαβ(q)
∂qb
+ qb
∂Ξiαβ(q)
∂qa
. (2.41)
3. We now expand Kαβ(−pi−k), Ξiβγ(−pi−k) and Γα(i)(pi+k) in Taylor series expansion in
powers of soft momenta to appropriate order relevant for computing the sub-subleading
contribution to the amplitude.
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4. The expression that results after this has products of (derivatives of) K, Ξi and Γ(i). We
now use the derivatives of the relation K(q) Ξi(q) = i(q2+M2i ) to transfer the derivatives
from K to Ξi to the maximal possible extent. This requires for example using the relations
∂K(−p)
∂pµ
Ξi(−p) = −K(−p)∂Ξ
i(−p)
∂pµ
+ 2 i pµ ,
∂2K(−p)
∂pµ∂pν
Ξi(−p) =−∂K(−p)
∂pµ
∂Ξi(−p)
∂pν
− ∂K(−p)
∂pν
∂Ξi(−p)
∂pµ
−K(−p)∂
2Ξi(−p)
∂pµ∂pν
+ 2 i ηµν ,
∂3K(−p)
∂pµ∂pν∂pρ
Ξi(−p) = −∂
2K(−p)
∂pµ∂pν
∂Ξi(−p)
∂pρ
− ∂
2K(−p)
∂pµ∂pρ
∂Ξi(−p)
∂pν
− ∂
2K(−p)
∂pν∂pρ
∂Ξi(−p)
∂pµ
−∂K(−p)
∂pµ
∂2Ξi(−p)
∂pν∂pρ
− ∂K(−p)
∂pν
∂2Ξi(−p)
∂pµ∂pρ
− ∂K(−p)
∂pρ
∂2Ξi(−p)
∂pµ∂pν
−K(−p) ∂
3Ξi(−p)
∂pµ∂pν∂pρ
. (2.42)
5. In the final step we use (2.31) to set to zero terms involving K without derivatives since
they are always contracted with ǫi,α.
The final result for the contribution of (2.38) to (2.37) is given by
I2 =
1
2
N∑
i=1
(pi · k)−1 ǫi,α (ka εbµ − kb εaµ)
[
pµi (J
ab) αδ Γ
δ
(i)(pi) + p
µ
i kρ(J
ab) αδ
∂Γδ(i)(pi)
∂piρ
]
− i
4
N∑
i=1
(2pi · k)−1 (kρ ka εbµ − kρ kb εaµ − kµ ka εbρ + kµ kb εaρ) ǫi,α
∂Kαγ(−pi)
∂piµ
∂Ξi(−pi)γβ
∂piρ
(Jab) βδ Γ
δ
(i)(pi)
+
N∑
i=1
(pi · k)−1 ǫi,α εµν piµ piν
{
Γα(i)(pi) + kρ
∂Γα(i)(pi)
∂piρ
+
1
2
kρ kσ
∂2Γα(i)(pi)
∂piρ∂piσ
}
+
i
4
{εµν kρ kσ − ερν kµ kσ − εµσ kρ kν + ερσ kµ kν}
N∑
i=1
(pi · k)−1 ǫi,α
{
2
3
pνi
∂Kαβ(−pi)
∂piµ
∂2Ξiβδ(−pi)
∂piρpiσ
− 1
3
∂2Kαβ(−pi)
∂piµ∂piν
pρi
∂Ξiβδ(−pi)
∂piσ
}
Γδ(i)(pi) .
(2.43)
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2.3 Final result
Using (2.24), (2.40) and (2.43) we now get the total amplitude to sub-subleading order
I = I0 + I1 + I2
=
N∑
i=1
(pi · k)−1ǫi,αiεµν pµi pνi Γαi(i)(pi)
+
N∑
i=1
(pi · k)−1ǫi,αεµb pµi ka
[{
pbi
∂
∂pia
− pai
∂
∂pib
}
δ αβ + (J
ab) αβ
]
Γβ(i)(pi)
+
1
2
N∑
i=1
(pi · k)−1ǫi,αεackbkd
[{
pbi
∂
∂pia
− pai
∂
∂pib
}
δ αβ + (J
ab) αβ
]
[{
pdi
∂
∂pic
− pci
∂
∂pid
}
δ βγ + (J
cd) βγ
]
Γγ(i)(pi)
+
1
2
N∑
i=1
(pi · k)−1 ǫi,α∆αβ(−pi, k) Γβ(i)(pi) , (2.44)
where
∆αδ(−pi, k) = {εµν kρ kσ − ερν kµ kσ − εµσ kρ kν + ερσ kµ kν}
×
{
1
3
i pν
∂Kαβ(−pi)
∂piµ
∂2Ξiβδ(−pi)
∂piρpiσ
− 1
6
i
∂2Kαβ(−pi)
∂piµ∂piν
pρi
∂Ξiβδ(−pi)
∂piσ
+
i
4
∂Kαγ(−pi)
∂piµ
∂Ξiγβ(−pi)
∂piρ
(Jνσ) βδ −
1
4
(Jµρ) αβ (J
νσ) βδ
+iBαβ;µρνσ(−pi) Ξiβδ(−pi)
}
. (2.45)
Eqs. (2.44), (2.45) are our main results.
We end by making a few comments:
1. If the indices α and δ in (2.45) label scalar fields, then the tensor inside the curly bracket
must be constructed from the vector pi and the invariant tensor η. Contraction of η
with Rµνρσ vanishes as a result of (2.1). Therefore the only possibility is the tensor
pµi p
ρ
i p
ν
i p
σ
i . The contraction of this with Rµνρσ vanishes due to antisymmetry of R in the
first two indices and last two indices. Therefore (2.45) shows that for scalars there are
no corrections to the sub-subleading soft graviton theorem. This is in agreement with
known results.
17
2. (2.45) represents correction to the universal part of the sub-subleading factor. The first
three terms on the right hand side show that unlike the leading and subleading soft
factors, sub-subleading soft factors are sensitive to the (infrared-finite) loop corrections
to the propogator. Even at tree level the contribution from these terms may be non-zero
for higher spin fields – we shall discuss the case of Rarita-Schwinger fields in section 4.2.
The fourth term represents an additional contribution due to spin-angular momentum of
the finite energy particles and may give non-vanishing contribution even at tree-level. We
shall discuss its contribution for a graviton line in section 4.1. The fifth and the final term
shows that the sub-subleading factor depends on corrections to the three point function
involving a soft graviton and a pair of finite energy particles, as given in eq.(2.33).
3. The line of argument followed here cannot be used to extend the analysis to higher order
in the soft momentum. This is due to the fact that the contribution from Fig. 2 can
have terms in which the linearized Riemann tensor of the soft graviton given in (2.34)
is contracted with an arbitrary function of the finite external momenta pi – bearing no
relation to the amplitude without the soft graviton. As a result terms of this type do not
have factorized form and prevent us from extending the soft graviton theorem.
3 Consistency check
The right hand side of (2.44) apparently depends on off-shell data through its dependence of
Γδ(i). This arises from the following sources. A scattering amplitude of n finite energy particles
is given by the amplitude Γα1···αn(p1, · · ·pn) after setting the external momenta pi on-shell,
i.e. satisfy p2i +M
2
i = 0, and then contracting them with physical external polarization ǫi,α
satisfying (2.31). Therefore if we add to Γα1···αn(p1, · · · pn) (or equivalently to Γα(i)) a term
proportional to p2i +M
2
i then the scattering amplitude of the finite energy particles do not
change. On the other hand individual terms on the right hand side of (2.44) do get modified
due to the derivative operation with respect to piµ. Acting on a term proportional to p
2
i +M
2
i
this gives a terms proportional to pµi , which do not vanish on-shell. Similarly if we add to
Γα(i)(pi) a term proportional to Kαβ(−pi)M(i)β for any M(i)β , then the amplitudes involving
finite energy external states do not get affected due to the on-shell condition (2.31). However
the individual terms on the right hand side of (2.44) change under this transformation. Our
goal will be to show that when we add all the contributions, the right hand side of (2.44)
actually remains invariant under these deformations of Γα(i).
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First let us consider the effect of adding a term proportional to p2i +M
2
i to Γ
α
(i). Using the
fact that {
pbi
∂
∂pia
− pai
∂
∂pib
}
(p2i +M
2
i ) = 0 (3.1)
it is easy to check that the change of the right hand side of (2.44) vanishes after setting
p2i +M
2
i = 0.
Next let us consider the effect of shifting Γα(i) by a term of the form Kαβ(−pi)M(i)β . It
is easy to see that the first term on the right hand side of (2.44) does not change under this
deformation as long as ǫi,α satisfies (2.31). For the terms in the second and the third lines on
the right hand side of (2.44), we can use (2.29) to bring K to the left so that it is contracted
with ǫi,α. The result then vanishes by (2.31). Therefore we need to focus on the contribution
from the last term on the right hand side of (2.44) given by
1
2
N∑
i=1
(pi · k)−1 ǫi,α∆αδ(−pi, k)KδγM(i)γ(pi) . (3.2)
∆αδ(−pi, k) has been given in (2.45). The contribution from the last term in (2.45) is propor-
tional to Ξiβδ(−pi)Kδγ(−pi) = i (p2i +M2i ) δ γβ and vanishes using the on-shell condition. The
contribution from the rest of the terms may be manipulated as follows.
1. First we move all the J ’s to the right using (2.41) so that the index of J is contracted
with that of M.
2. The resulting expression has products of (derivatives of) Ξi and K contracted with each
other. We now transfer the derivatives from the left-most K to the right to the extent
possible using (2.42) and its analog with K and Ξi exchanged:
∂Ξi(−p)
∂pµ
K(−p) = −Ξi(−p)∂K(−p)
∂pµ
+ 2 i pµ , (3.3)
∂2Ξi(−p)
∂pµ∂pν
K(−p) =−∂Ξ
i(−p)
∂pµ
∂K(−p)
∂pν
− ∂Ξ
i(−p)
∂pν
∂K(−p)
∂pµ
− Ξi(−p)∂
2K(−p)
∂pµ∂pν
+ 2 i ηµν .
3. In the final step we set the terms in which the left-most K has no derivatives to zero
using (2.31).
The net result of this analysis yields
− i
12
N∑
i=1
(pi · k)−1 piρ ǫi,αRµρνσ
[
∂K
∂pµi
∂Ξi
∂pνi
∂K
∂pσi
+
∂K
∂pσi
∂Ξi
∂pµi
∂K
∂pνi
+
∂K
∂pνi
∂Ξi
∂pσi
∂K
∂pµi
]αγ
M(i)γ(pi) = 0
(3.4)
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where in the last line we have used the algebraic Bianchi identity of the Riemann tensor.
This shows that (2.44) is insensitive to the off-shell information in Γα(i), leading to the form
given in (1.1). We shall now show that ∆αδ appearing in (2.45) depends only on the on-shell
three point function involving the external soft graviton. We shall do this using factorization
property of the full amplitude – namely that if we adjust the direction of k so that pi · k → 0,
the amplitude (2.44) must factorize into a product of the on-shell three point function involving
external states with momenta pi, k and −pi − k and the on-shell N -point function involving
external states carrying momenta p1, · · · , pi−1, pi + k, pi+1, · · · , pN . It then follows from (2.44)
that ∆αδ in the limit pi · k → 0 is determined in terms of the on-shell three point amplitude.
Our goal will be to show that the knowledge of ∆αδ in the pi ·k → 0 limit is enough to determine
∆αδ for general direction of k.
To proceed, let us suppress the indices α, δ from ∆αδ, and express (2.45) as
∆ = {εµν kρ kσ − ερν kµ kσ − εµσ kρ kν + ερσ kµ kν}Bµρνσ . (3.5)
It is understood that B carries the indices α, δ. B depends on pi but not on ε or k to this
order in expansion in powers of k. Without loss of generality we can assume that Bµρνσ has the
symmetries of the Riemann tensor. In this case the question of whether ∆ is determined from
on-shell three point function reduces to whether it is possible to add some terms to Bµρνσ so
that the contribution from this term to (3.5) vanishes for pi ·k = 0 but not in general. In order
to make use of the pi · k = 0 constraint, the additional terms in Bµρνσ must be proportional to
pi. Let us make the most general ansatz for this ambiguity consistent with the symmetries of
Bµρνσ:
pµi A
ρνσ − pρiAµνσ + pνiAσµρ − pσi Aνµρ , (3.6)
where Aρνσ is antisymmetric under ν ↔ σ. Substituting this into (3.5) we see that under this
shift ∆ changes by
4(εµνp
µ
i kρkσ − εµσpµi kρkν)Aρνσ (3.7)
up to terms proportional to pi · k. Since this does not vanish identically for pi · k = 0, we
see that different values of A are still distinguishable near the pole at pi · k = 0. This can be
rectified by taking Aρνσ to be either proportional to pρiB
νσ for any anti-symmetric tensor B, or
proportional to (ηρνCσ−ηρσCν) for any vector Cν , or by taking it to be totally anti-symmetric
in ν, ρ, σ. It is easy to see that in the first case (3.6) vanishes identically, while in the last
two cases (3.6) does not generate any change in (3.5). Therefore we conclude that there is no
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ambiguity in determining ∆ from its value near the pole at pi · k = 0, and therefore in terms
of on-shell three point function.
4 Comparison with tree level results for massless fields
In this section we shall compare our final result, given in (2.44), (2.45) with some known results
in the theory of massless fields at tree level.
4.1 Einstein-Maxwell theory
For Einstein-Maxwell theory without any higher derivative terms, the sub-subleading soft
graviton theorem is known to include only the contribution from the first three lines on the
right hand side of (2.44) [6]. Therefore ∆αβ given in (2.45) must vanish for these theories. We
shall now verify this explicitly.
First let us consider the case where the i-th external finite energy state is a photon. We
shall choose the Feynman gauge. In this case the indices α, δ can be taken to be covariant
vector indices m,n, and Kmn(q) is simply −q2 ηmn. Therefore we have Ξimn(q) = −i ηmn and
the first three terms on the right hand side of (2.45) involving derivatives of Ξi must vanish.
To compute the fourth term we recall that in this case the components of Jab are given by
(2.9). This gives
(Jµρ) mp (J
νσ) pn = η
µσηρmδνn − ηρσηµmδνn − ηµνηρmδσn + ηρνηµmδσn . (4.1)
This has to be contracted with Rµρνσ given in (2.34). Using (2.1) one can easily verify that
all the terms vanish. This shows that the contribution to (2.44) from the fourth term on the
right hand side of (2.45) also vanishes.
It remains to analyze the contribution from the last term in (2.45). To calculate B in this
case we need to start with the Einstein-Maxwell action in Feynman gauge and compare with
(2.32). Now the part of the Einstein-Maxwell action involving the gauge field, together with
the gauge fixing term, is given by
−
∫
dDx
√
− det g
[
1
4
(DµAν −DνAµ)(DµAν −DνAµ)− 1
2
DµA
µDνA
ν
]
=
1
2
∫
dDx
√
− det g ηmnAmDρDρAn , (4.2)
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where we have used the fact that Rµνµσ vanishes as a consequence of (2.1). The right hand
side of (4.2) is the covariantization of the free Maxwell action in Feynman gauge for which
Kmn = −q2ηmn and therefore the terms linear in the soft graviton field computed from (4.2)
coincides with (2.32). Therefore in this case Bαβ;µνρσ vanishes. This in turn shows that the
entire contribution to (2.44) from the ∆αβ term vanishes.
Next we turn to the case where the i-th external state is a finite energy graviton. We
shall use de Donder gauge. In this case each of the indices α, δ can be taken to be a pair of
covariant vector indices (mn), and we have Kmn,pq(q) = −q2 ηmpηnq.1 In this gauge we have
Ξimn,pq(q) = −iηmpηnq and again the first three terms on the right hand side of (2.45) vanishes.
On the other hand we have
(Jµρ)mn
pq = δµm η
ρ p δ qn − δρm ηµp δ qn + δµn ηρ q δ pm − δρn ηµq δ pm . (4.3)
This gives
ǫi,pqRµρνσ (Jµρ)mnpq(Jνσ)rsmn = 8 ǫi,pqRrpsq (4.4)
where we have again used the fact that Rµνµσ = 0. Therefore the contribution to (2.44) from
the fourth term in (2.45) is given by
−
N∑
i=1
(pi · k)−1 ǫi,pqRrpsq Γrs(i)(pi) . (4.5)
It remains to calculate the contribution from the last term in (2.45). For this we need to
determine B. This can be calculated in two different ways. The first approach will be to begin
with Einstein action in de Donder gauge and then expand it in powers of the fluctuations
hmn to quadratic order around a soft graviton background. This is then brought to the form
(1/2)
∫ √− det g hmnDρDρ hmn+· · · where the · · · term, proportional to the Riemann tensor of
the soft graviton, determines the action S¯(3) in (2.33) and therefore Bαβ;µρνσ (see e.g. eq.(7.5.23)
of [59]). The other possibility is to expand the Einstein action in the de Donder gauge in powers
of the fluctuation Hmn around the flat background to cubic order [60], split Hmn as the sum of
a soft and a finite energy parts, and then determine the coupling between a single soft graviton
and a pair of finite energy gravitons. Comparing this with the action (2.32) one can determine
the missing part S¯(3). Both approaches yield
S¯(3) =
∫
dDx
√
− det gRmpnq hmnhpq . (4.6)
1We omit the symmetrization under m↔ n and p↔ q, and removal of the trace part, since they are taken
care of by the symmetry and tracelessness of hmn.
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Comparing this with (2.33) we get
RµρνσBmn,pq;µρνσ = 2Rmpnq . (4.7)
Using the fact that Ξipq,rs = −iηprηqs, the contribution from the last term in (2.45) to (2.44) is
seen to be
N∑
i=1
(pi · k)−1 ǫi,pqRrpsq Γrs(i)(pi) . (4.8)
This cancels (4.5). Therefore we see that even for external finite energy gravitons the sub-
subleading soft graviton theorem in the Einstein-Maxwell theory is given by the first four lines
on the right hand side of (2.44).
4.2 Fermions with minimal coupling to gravity
We shall now generalize the analysis of section 4.1 to the case of fermion fields minimally
coupled to gravity. We shall work with real fermions by taking the real and imaginary parts of
a complex field as independent fields – this effectively doubles the dimension of the γ matrices
but makes them purely imaginary. First let us consider the case of Dirac field. Denoting the
spinor indices by r, s, we have
Krs(−p) = {γ0 (pµγµ −M)}rs , Ξrs(−p) = −i {(pµγµ +M)γ0}rs , (4.9)
where the γµ’s satisfy
{γµ, γν} = −2 ηµν , (γµ)∗ = −γµ, (γ0)T = −γ0, (γi)T = γi for 1 ≤ i ≤ (D − 1) . (4.10)
In this case the terms in (2.45) involving two derivatives of K or Ξ vanish. Also for minimal
coupling to gravity, Bαβ;µνρσ vanishes. This leaves us with the terms in the second line of
(2.45). Now for spin 1/2 fermions (Jµρ) sr , where r, s represent spinor indices, is given by
(JµρS )
s
r = −
1
2
(γµρ)rs, γ
µρ ≡ 1
2
(γµγρ − γργµ) . (4.11)
The sign and normalization of JµρS defined in (4.11) can be shown to be consistent with that
used in (2.9) by comparing the algebra of the Jµρ’s in the spinor and the vector representation.
On the other hand (4.9) gives
∂Krs(−p)
∂pµ
= (γ0γµ)rs,
∂Ξrs(−p)
∂pρ
= −i(γργ0)rs , (4.12)
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and therefore
∂Krt(−p)
∂p[µ
∂Ξtu(−p)
∂pρ]
= −i (γ0γµργ0)ru = i (γµρ)ur , (4.13)
where in the last step we have used (4.10). Using this we see that sum of the terms in the
second line of (2.45) is given by
∆rs = Rµρνσ
{
1
8
γνσ γµρ − 1
16
γνσ γµρ
}
sr
. (4.14)
In arriving at (4.14) we have used the fact that in order to interpret the product of J ’s given
in (2.45) as matrix multiplication as in (4.14) we have to transpose the matrices costing a sign.
This does not change the sign of the second term but gives an additional minus sign in the
first term. We now use the identity
γνσγµρ = γνσµρ− (ηµν γρσ−ηρν γµσ−ηµσ γρν+ηρσ γµν)− (ηµν ηρσ−ηρν ηµσ−ηµσ ηρν+ηρσ ηµν) ,
(4.15)
where γνσµρ is the totally anti-symmetrized version of γνγσγµγρ. Using (2.1) and the algebraic
Bianchi identity of Rµνρσ, we can see that individual terms in (4.14) vanish. Therefore ∆rs
vanishes and the sub-subleading soft graviton amplitude is given by the terms in the first four
lines on the right hand side of (2.44).
For the massless Rarita-Schwinger field ψa,r,with a, b, c, d denoting vector indices and r, s, t, u
labelling spinor indices, we can fix harmonic gauge so that K and Ξ take simple form
(K)a,r;b,s = pµ(γ0γµ)rs ηab, (Ξ)a,r;b,s = −i pµ(γµγ0)rs ηab . (4.16)
Also we have
(Jµρ) b,sa,r = (J
µρ
V )
b
a δ
s
r + δ
b
a (J
µρ
S )
s
r , (4.17)
where JV and JS denote the representation of J in vector and spinor representations, given
respectively in (2.9) and (4.11). Using (4.16) we again see that the contribution from the first
line on the right hand side of (2.45) vanishes. For minimal coupling to gravity, the contribution
from the third line also vanishes. In the second line of (2.45), noting that the first term is
proportional to (JµρS )J
νσ due to (4.13), we see that there are three kind of contributions from
the first term, proportional to JSJS, JSJV and JV JV . The second term in the second line of
(2.45) is proportional to (JS + JV )(JS + JV ). The terms proportional to JSJS have the same
structure as (4.14) and vanish using (4.15). The terms proportional to JV JV have the same
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structure as (4.1) and vanish after contraction with Rµρνσ. Therefore we are left with the term
proportional to JV JS and JSJV . Their contribution is given by
∆a,r b,s = Rµρνσ
{
−1
4
(γµρ)sr (J
νσ
V )
a
b +
1
8
(γµρ)sr (J
νσ
V )
a
b +
1
8
(γνσ)sr (J
µρ
V )
a
b
}
= 0 , (4.18)
where in the last step we have used the symmetry of Rµρνσ under µ, ρ ↔ ν, σ. Therefore
even for massless Rarita Schwinger field minimally coupled to gravity, the contribution to the
sub-subleading soft graviton theorem is given by the terms in the first four lines on the right
hand side of (2.44).
4.3 Four dimensional quantum field theories with higher derivative
corrections
Ref. [57] discussed soft graviton theorem for massless fields in four dimensions in the presence
of higher derivative corrections. In this section we shall compare our results with the results
of [57]. The relevant bosonic fields here include massless scalar φ, massless gauge field Aµ and
massless graviton. In the fermionic sector we can have massless spin 3/2 and spin 1/2 fields.
First let us consider the case of massless bosonic fields only. We shall choose harmonic gauge
so that Kαβ(q) is given by −q2δαβ and Ξiαβ = −i δαβ . In this case the contributions from the
derivatives of Ξi in (2.45) vanish. Furthermore as seen in section 4.1, the contribution from the
JµρJνσ term vanishes for scalar and the gauge fields, while for gravity this term cancels a term
arising out of expansion of the Einstein-Hilbert action around a soft background. Therefore the
contribution to (2.45) comes only from the interaction terms involving non-minimal coupling
of gravity to other fields. It is easy to classify the possible terms that could contribute. They
are2 ∫
d4x
√
− det g φRµνρσ Rµνρσ,
∫
d4x
√
− det g Rµνρσ F µν F ρσ,∫
d4x
√
− det g φRµνρσ R˜µνρσ,
∫
d4x
√
− det g Rµνρσ F µν F˜ ρσ , (4.19)
where Rµνρσ is the Riemann tensor, Fµν = ∂µAν − ∂νAµ is the gauge field strength and R˜, F˜
denote Hodge duals:
R˜µνρσ =
(√
− det g
)−1
ǫµνµ′ν′ R
µ′ν′
ρσ, F˜µν =
(√
− det g
)−1
ǫµνµ′ν′ F
µ′ν′ . (4.20)
2We shall not consider theories with superreormalizable couplings e.g. a three point coupling without
derivative between the massless scalars.
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One could also consider a term with three Riemann tensors appropriately contracted, but when
we take one of the external states to be soft and another on-shell, the vertex contains more
than two powers of soft momentum and therefore does not contribute to the amplitude at the
sub-subleading order. In higher dimensions the term with two Riemann tensors with their
indices contracted gives rise to a three graviton vertex but in four dimensions this is equivalent
to the sum of Gauss-Bonnet term which is a total derivative and terms involving Ricci tensor
that vanish on-shell. Therefore this does not contribute in the soft limit.
The three point vertices listed in (4.19) affect the sub-subleading contribution by modifying
the three point vertex in Fig. 1. Two of the external states of this vertex, including the soft
graviton, are on-shell while the third one, representing the internal line, is nearly on-shell. Since
we are to evaluate the leading contribution from this vertex in the soft limit, we can regard
the internal line also as on-shell by decomposing the numerator factor Ξi from the internal
propagators into a sum over physical and unphysical polarizations and using the fact that in
the final amplitude the contribution from the unphysical polarizations will cancel. Therefore
the computation reduces to the problem of computing the contribution of (4.19) to an on-shell
three point amplitude.
A further simplification in four dimensions comes from the fact that in four dimensions by
appropriate choice of gauge the polarization tensor of a massless graviton can be taken to be
the square of that of a massless photon carrying the same momentum. By making this choice
we write
εµν = εµεν , eµν = eµeν , (4.21)
for the polarizations of soft and hard gravitons respectively. Then in the momentum space, to
linearized order the Riemann tensors associated with the soft and the finite energy graviton
fields take the form
R(s)µρνσ = {εµνkρkσ − εµσkνkρ − ενρkσkµ + ερσkµkν} = (εµkρ − ερkµ)(ενkσ − εσkν) (4.22)
R(h)µρνσ = {eµνpρpσ − eµσpνpρ − eνρpσpµ + eρσpµpν} = (eµpρ − eρpµ)(eνpσ − eσpν) (4.23)
respectively. Here p denotes the momentum carried by the finite energy graviton. Using this we
see that the contribution to the three point vertex from the φRµνρσ R
µνρσ term is proportional
to
{(εµkρ − ερkµ)(eµpρ − eρpµ)}2 . (4.24)
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Now in flat space-time background, a polarization vector ε carried by a massless particle
of momentum k is defined to have helicity ± if
ǫµνρσ (k
ρεσ − kσερ) = ± 2 i (kµ εν − kνεµ) . (4.25)
Using this it is easy to see that
(εµkρ − ερkµ)(eµpρ − eρpµ) = 0 , (4.26)
unless ε and e carry same helicity. For example if ε has positive helicity and e has negative
helicity then we can write
(εµkρ−ερkµ)(eµpρ−eρpµ) = 1
2 i
ǫµρµ′ρ′(ε
µ′kρ
′−ερ′kµ′)(eµpρ−eρpµ) = −(εµ′kρ′−ερ′kµ′)(eµ′pρ′−eρ′pµ′) .
(4.27)
Since the two sides of this equation are negatives of each other the result vanishes. Therefore
we shall take ε and e to have the same helicity. This analysis also shows that once we have
chosen the helicity of the soft graviton, the contribution from the φRµνρσ R˜
µνρσ term differs
from the one given in (4.24) by a factor of ±2 i. Therefore we shall not analyze its contribution
separately.
For the RµρνσF
µρF νσ term, the three point vertex receives a contribution proportional to
{(εµkρ − ερkµ)(eµpρ − eρpµ)}{(ενkσ − εσkν)(e¯νpσ − e¯σpν)} , (4.28)
where e and e¯ represent the polarizations of the external and the internal photons. The previous
argument now shows that this vanishes unless the helicities of e and e¯ agree with that of ε.
Since for soft external graviton, the momenta of the two photons connected to the vertex
are nearly equal and opposite, this shows that e¯ is equal to e (up to gauge transformation).
Therefore (4.28) reduces to (4.24).
In order to compare this with the result of [57] we need to convert (4.24) to the spinor
helicity notation (see e.g. [61,62] for a review). We label each of the null vectors p and k by a
pair of two component spinors
p→ (µα, µ˜α˙), k → (λα, λ˜α˙) , (4.29)
via the relation
pµ(γ
µ)αα˙ = µα µ˜α˙, kµ(γ
µ)αα˙ = λα λ˜α˙, (4.30)
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and introduce the notation
[a˜ b˜] = ǫα˙β˙ a˜α˙b˜β˙ , 〈a b〉 = ǫαβaαbβ , (4.31)
where ǫ = iσ2, σi’s being Pauli matrices. In this notation we have
p · k = −1
2
[λ˜ µ˜]〈λµ〉 . (4.32)
For describing polarization vectors εµ and eµ we introduce an auxiliary pair of spinors (xα, x˜α˙)
for the soft particle and another pair of spinors (yα, y˜α˙) for the finite energy particle. In terms
of these spinors we can label the normalized positive helicity polarization vectors ε and e as3
ε→
√
2 (xα, λ˜α˙)/〈λ x〉, e→
√
2 (yα, µ˜α˙)/〈µ y〉 . (4.33)
Now we can easily generalize (4.32) as
ε · p = − 1√
2
[µ˜ λ˜]〈µ x〉
〈λ x〉 , e · k = −
1√
2
[λ˜ µ˜]〈λ y〉
〈µ y〉 , ε · e = −
[λ˜ µ˜]〈x y〉
〈λ x〉〈µ y〉 . (4.34)
We can simplify our analysis by making the gauge choice y = λ. In that case e · k vanishes and
we have
{(εµkρ − ερkµ)(eµpρ − eρpµ)} = [λ˜ µ˜]2 . (4.35)
Therefore for the three point vertex induced from any of the terms listed in (4.19), the soft
factor associated with the amplitude in Fig. 1 is proportional to
1
2p · k{(εµkρ − ερkµ)(e
µpρ − eρpµ)}2 = − [λ˜ µ˜]
3
〈λµ〉 . (4.36)
This agrees with the result of [57].
Finally we consider the inclusion of spin 3/2 and spin 1/2 Dirac spinors ψρ and χ. The
terms in the action that can lead to the coupling of a soft graviton to a pair of finite energy
nearly on-shell fermions are of the form∫
d4x
√
− det g Rµρνσψ¯µγνσ∂ρχ,
∫
d4x
√
− det g Rµρνσψ¯µγνσγ5 ∂ρχ . (4.37)
For given helicity of χ the contribution from the two terms are proportional to each other; so
let us focus on the first term. Using (4.22) this leads to the following coupling between the
soft graviton of momentum k and the finite energy (nearly) on-shell fermions of momentum p:
(εµkρ − ερkµ)(ενkσ − εσkν) pρ ψ¯µγνσχ . (4.38)
3The spinors x˜ and y˜ are necessary for describing negative helicity polarization vectors.
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Using (4.25) and the corresponding result for the spinors in flat space:
ǫµνρσ γ
ρσ = 2 i γµν γ
5 = 2 i γ5 γµν , (4.39)
it is easy to see that the amplitude (4.38) vanishes unless the ψ¯ and χ fields carry the same
helicity as the soft graviton. For positive helicity of the soft graviton this means that
ψ¯ρ γ
5 = ψ¯ρ, γ5χ = χ, ǫµρνσ(pρ ψ¯µ − pµ ψ¯ρ) = 2 i (pσ ψ¯ν − pν ψ¯σ) (4.40)
Therefore ψ¯ρ can be taken to be proportional to the positive helicity polarization vector eρ and
that in spinor space both ψ¯ρ and χ carry dotted index and can be taken to be proportional to
µ˜α˙ introduced in (4.29). Up to overall normalization, the soft factor is then given by
1
2p · k (εµkρ − ερkµ)(ενkσ − εσkν) p
ρ eµ (γσν)α˙β˙ µ˜α˙µ˜β˙ . (4.41)
Now we have, using (4.30), (4.33)
ενkσ(γ
σν)α˙β˙ µ˜α˙µ˜β˙ ∝
〈λ x〉[λ˜ µ˜]2
〈λ x〉 = [λ˜ µ˜]
2 . (4.42)
Using this, and (4.32), (4.35) we see that (4.41) reduces to
[λ˜ µ˜]3
〈λµ〉 (4.43)
up to normalization factor. This is identical to (4.36), in agreement with [57].
For specific helicity configurations, the nature of soft theorems can be completely gov-
erned by the non-universal terms. An example of this is as follows. Consider a tree level
4-graviton amplitude M4(p+1 , . . . , p+4 ) in which all the gravitons have positive helicity. As
is well known [61], in pure gravity this amplitude vanishes. However suppose we compute
this amplitude in the theory where gravity is non-minimally coupled to a massless scalar via∫ √−detg φ RµνρσRµνρσ. In this case the amplitude M4(p+1 , . . . , p+4 ) will not be zero due to
the additional vertices involving the scalar, leading to a scalar exchange diagram. We can also
see that in the limit p4 → 0 we get
M4(p1, . . . , p4) =
[
S˜
(2)
1 M3(p1, p+2 , p+3 ) + S˜(2)2 M3(p+1 , p2, p+3 ) + S˜(2)3 M3(p+1 , p+2 , p3)
]
+O(E2n)
(4.44)
where S˜
(2)
i is the sub-subleading factor given in eq.(4.36) with (e, p) replaced by (ei, pi) and the
i-th 3 point amplitude on the right hand side of eq.(4.44) is an amplitude involving 2 gravitons
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and a scalar with momentum pi. In the above equation, there is no universal soft factor due to
the fact that universal soft factors (to sub-subleading order) are precisely governed by the pure
gravity three point vertices. These factors will dress a 3 graviton amplitude which is computed
via Einstein Hilbert Lagrangian and such an amplitude vanishes as all the gravitons have the
same helicity.
5 Comparison with results from tree level string theory
In this section we shall compare our results with the results of [50,52] which computed bosonic
string tree amplitudes with external graviton and other states in the soft limit.
5.1 Two tachyon two graviton amplitude
Ref. [50] computed the scattering amplitude involving a pair of external gravitons and a pair
of external tachyons in the limit when one of the graviton momentum becomes soft. At the
sub-subleading order the result of [50] contained an extra term besides the ones given by the
first four lines on the right hand side of (2.44). If we denote by k and ε the momentum
and polarization of the soft graviton, by p1 and e the momentum and polarization of the
finite energy graviton, and by p2 and p3 the momenta of the tachyons then, up to an overall
normalization, the extra term obtained in [50] (after correcting a typographical error and the
overall sign) can be written as
−α
′
4
{
− k · p− pµ1 εµν eνρ p−ρ + k · p1 pµ− εµν eνρ p−ρ +
1
p1 · k k · p− kµ e
µν p−ν p1ρ ε
ρσ p1σ
−kµ eµν p−ν p1ρ ερσ p−σ
}
, (5.1)
where
p− = p2 − p3 . (5.2)
Since p2 and p3 satisfy the on-shell condition p
2
2 = p
2
3 = −m2T where m2T is the tachyon mass2,
we have, using momentum conservation,
p1 · p− = −(p2 + p3 + k) · (p2 − p3) = O(k) . (5.3)
Using this we can express (5.1) as (up to term suppressed by additional powers of soft momen-
tum)
−α
′
8
1
p1 · k R
(s)
µρνσ R
(h)µρτσ pν− p−τ (5.4)
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Figure 4: Possible sources of correction to the sub-subleading soft graviton theorem for two
graviton, two tachyon scattering in string theory. S denotes the soft graviton, T denotes
external tachyon, H denotes finite energy external or internal graviton and φ denotes a finite
energy internal dilaton. These represent additional contribution to Fig. 1 besides the one
arising from the three point vertex (2.38) representing minimal coupling.
where R(s) and R(h) are the linearized Riemann tensors for the soft and finite energy external
gravitons respectively:
R(s)µρνσ = {εµνkρkσ − εµσkνkρ − ενρkσkµ + ερσkµkν} , (5.5)
and
R(h)µρνσ = {eµνp1ρp1σ − eµσp1νp1ρ − eνρp1σp1µ + eρσp1µp1ν} . (5.6)
(5.4) may be written in a more suggestive form by noting that the three point coupling between
the finite energy graviton of momentum p1 and polarization e and a pair of tachyons of momenta
p2 and p3 has the form eµνΓ
µν where [50]
Γµν = pµ−p
ν
−/4 . (5.7)
The three point coupling between the two tachyons and a dilaton is given by the same formula
if we choose eµν ∝ ηµν . Therefore we can express (5.4) as
−α
′
2
1
p1 · k R
(s)
µρνσ R
(h)µρτσ Γντ . (5.8)
Eq.(5.8), being proportional to (p1 · k)−1R(s)µρνσ, clearly has the structure of the corrections
given in the last term on the right hand side of (2.44). We shall now explore their origin is some
more detail. In the Siegel gauge Kαβ(q) is proportional to q2 and therefore Ξiαβ is independent
of q. Therefore the contribution from the terms involving derivatives of Ξi in (2.45) vanish.
Also the quadratic term in J vanishes for the tachyon and for the graviton it cancels against
a term from the Einstein-Hilbert action as in section 4.1. Therefore the correction term (5.8)
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can only come from a higher derivative three point coupling involving one soft graviton and a
pair of finite energy particles. If in (5.8) we decompose
Γντ =
1
D
Γρρ δ
ν
τ + {Γντ −
1
D
Γρρ δ
ν
τ } (5.9)
then the contribution from the first term to (5.8) gives the dilaton mediated coupling in Fig. 4
where we choose the internal line to be the dilaton φ. This requires a three point coupling
proportional to ∫
dDxφR(s)µνρσ R
(h)µνρσ , (5.10)
which comes via the correction to the effective action of the form∫
dDx
√
− det g φRµνρσ Rµνρσ . (5.11)
This is known to be present in the bosonic and heterotic string theory. Contribution from the
second term in (5.9) to (5.8) can be identified as the graviton mediated amplitude where we
pick the intermediate state in Fig. 4 to be a finite energy graviton H . This requires a higher
derivative three point coupling involving one soft and two finite energy gravitons of the form∫
dDxR(s)µρνσ R
(h)µρτσ hτ
ν . (5.12)
This can come from the following term in the original action∫
dDx
√
− det g Rµνρσ Rµνρσ . (5.13)
It is easy to verify that in the soft limit, the coupling of a soft graviton to a pair of finite
energy gravitons computed from (5.12) and (5.13) are the same (up to overall normalization).
For D = 4 (5.13) does not contribute to the three point function since it is equivalent to the
Gauss-Bonnet action on-shell. However in higher dimensions the contribution from this term
does not vanish.
5.2 Scattering of gravitons and dilatons
Ref. [52] computed the scattering amplitude in the bosonic string theory for massless external
states, and found corrections to the soft graviton theorem at sub-subleading order. If the soft
particle carries polarization ε and momentum k, and the finite energy particles carry momenta
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p1, · · · pN and polarizations eµν1 , · · · eµνN , then the correction to the sub-subleading soft graviton
theorem was found to be given by:
α′
2
εµν
N∑
i=1
{
kσpiνηρµ + kρpiµησν − ηρµησνpi · k − 1
pi · kkρkσpiµpiν
}
Π
{ρ,σ}
i Γ , (5.14)
where Γ is the amplitude without the soft graviton and the operation Π
{ρ,σ}
i is defined as
follows. If we label the polarization eρσi as e
ρ
i e¯
σ
i then
Π
{ρ,σ}
i =
1
2
[
eρi
∂
∂ei,σ
+ e¯ρi
∂
∂e¯i,σ
+ eσi
∂
∂ei,ρ
+ e¯σi
∂
∂e¯i,ρ
]
. (5.15)
In string theory eρσi may be symmetric or anti-symmetric under the exchange ρ ↔ σ. If we
restrict to the symmetric case, representing graviton or dilaton state, then
Π
{ρ,σ}
i Γ = e
ρ
i τ Γ
στ
(i) + e
σ
i τ Γ
ρτ
(i) (5.16)
where Γστ(i) is defined such that ei,ρσΓ
ρσ
(i) = Γ. This allows us to express (5.14) as
α′ εµν
N∑
i=1
{
kσpiνηρµ + kρpiµησν − ηρµησνpi · k − 1
pi · kkρkσpiµpiν
}
e ρi τΓ
στ
(i) . (5.17)
Now using the gauge invariance of Γ:
pi,ρ Γ
ρτ
(i) = 0, pi,τ Γ
ρτ
(i) = 0 , (5.18)
one can express (5.17) as
−α
′
2
R(s)µρνσ
N∑
i=1
1
pi · k R
(i)µρτσΓ ν(i)τ , (5.19)
where R(s) has been defined in (5.5), and R(i) is given by
R(i)µρνσ = {ei,µνpiρpiσ − ei,µσpiνpiρ − ei,νρpiσpiµ + ei,ρσpiµpiν} . (5.20)
Eq. (5.19) has a structure identical to the one obtained in (5.8). As in that case, decom-
posing Γτ
ν as
Γτ
ν =
1
D
δτ
ν Γρ
ρ +
{
Γτ
ν − 1
D
δτ
ν Γρ
ρ
}
(5.21)
we can interpret the contribution to (5.19) from the first term in (5.21) as due to an intermediate
finite energy dilaton and the contribution to (5.19) from the rest of the terms in (5.21) as due
to an intermediate finite energy graviton. The relevant three point interactions arise from
(5.11) and (5.13).
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5.3 Amplitude for two tachyons, one graviton and one massive par-
ticle
We shall now consider the four point scattering in bosonic string theory of a pair of tachyons
carrying momenta p1 and p2, a rank 4 symmetric tensor field at the first massive level carrying
momentum p3 and polarization ǫ3 and a soft graviton carrying momentum k and polarization
ε. The full amplitude can be read out from eq. (70) of [50] with the following replacement:
k3 → k, a3µ a˜3ν → εµν , p4 → p3, HµνH˜ρσ → ǫ3,µνρσ . (5.22)
With this we find that the leading and subleading soft graviton amplitudes agree with the
expected result given in the first two lines on the right hand side of (2.44) if we take the
amplitude without the soft graviton to be
− 1
16
ǫ3,µνρσ p
µ
− p
ν
− p
ρ
− p
σ
− , p− ≡ p1 − p2 . (5.23)
Given (5.23), sub-subleading contribution from the third and fourth lines on the right hand
side of (2.44) take the form
3
4
{
εµτ (p1τ + p2τ ) + ε
µτ p3τ
k · p−
k · p3
}
ǫ3,µνρσk
ν pρ− p
σ
−
−3
8
{
k · (p1 + p2) + (k · p−)
2
k · p3
}
ǫ3,µνρσ ε
µν pρ− p
σ
−
−3
8
{
εµνp
µ
1p
ν
1
k · p1 +
εµνp
µ
2p
ν
2
k · p2 +
εµνp
µ
−p
ν
−
k · p3
}
ǫ3,µνρσ k
µ kν pρ− p
σ
− . (5.24)
However the actual amplitude computed from eq. (70) of [50] has some additional terms. These
are given by
− 1
k · p3 Rµρνσ
[
1
2
pρ1 p
σ
2 ǫ
µνab
3 p−a p−b −
1
4
pµ3 p
ν
3 p
ρ
− ǫ
σabc
3 p−a p−b p−c
]
, (5.25)
where Rµρνσ is given in (2.34). This form of the correction terms is consistent with the general
form of the corrections to the sub-subleading soft graviton theorem given in (2.45), and can
be traced to a non-minimal three point coupling between a soft graviton, a massive rank four
symmetric tensor field and another massive field at the same mass level. The relevant diagram
has the same structure as Fig. 4 with the finite energy external graviton replaced by the massive
symmetric rank four tensor field and the internal line representing either a massive rank four
symmetric tensor or another field at the same mass level.
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6 Infrared divergences
In four space-time dimensions the loop amplitudes suffer from infrared divergences that have
to be removed by either summing over final states and averaging over initial states [1,2,63–65],
or by changing the description of the scattering states [66–68]. Hence in four dimensions the
structure of soft theorems for loop amplitudes is sensitive to the divergent infra-red effects
[10, 56]. For this reason for loop amplitudes we focus on space-time dimensions D ≥ 5 for
which the S-matrix elements are finite – at least before taking the soft limit. Our goal in this
section will be to explore if our analysis of soft theorem in section 2 based on 1PI effective
action, that includes loop amplitudes as well, could be affected by infrared issues in D ≥ 5
even though there are no divergences before taking the soft limit. We shall first consider the
possible effects of soft divergences and then briefly discuss the effect of collinear divergences
that can arise when some of the finite energy external states are massless.
6.1 Soft divergences
Soft divergences refer to divergences that arise from regions of loop momentum integration in
which all components of the loop momentum becomes small. The absence of soft divergences
in D ≥ 5 for amplitudes without soft external lines has been illustrated in Fig. 5. Here
Γ’s represent amputated Green’s functions and the thin internal line carrying momentum ℓ
represents a massless soft line, i.e. we consider the limit ℓµ → 0. In this limit, if we pick the
internal states carrying momenta pj − ℓ and pi + ℓ to be of the same mass as the external
states carrying momentum pj and pi respectively, then in the ℓµ → 0 limit the integrand of the
Feynman diagram goes as
I = {ℓ2 (−2pj · ℓ+ p2j +M2j ) (2pi · ℓ+ p2i +M2i ))}−1 × finite (6.1)
where the ℓ2 factor in the denominator comes from the propagator carrying momentum ℓ and
the (−2pj ·ℓ+p2j+M2j ) and (2pi·ℓ+p2i+M2i ) factors arise from the propagators carrying momenta
pj − ℓ and pi+ ℓ respectively. The on-shell condition for the external states carrying momenta
pi and pj sets p
2
i +M
2
i and p
2
j +M
2
j to zero. Even though the integrand I has four powers
of ℓµ in the denominator and therefore diverges in the ℓµ → 0 limit, the integral
∫
dDℓ I is
convergent forD ≥ 5. Similar power counting [69] shows that there are no collinear divergences
– divergences arising from regions of loop momenta when one or more internal momenta of a
massless state becomes collinear to the external momentum of a massless state. This will be
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Figure 5: Potentially infrared divergent contribution to the amplitude.
discussed in section 6.2. Furthermore, adding more loops containing soft or collinear momenta
does not lead to any new divergence.
Now the right hand side of (2.44) contains not just the amplitudes without soft external
legs, but their derivatives with respect to external momenta, and absence of infrared diver-
gence in the original amplitude does not necessarily imply absence of infrared divergence in its
derivatives. To see this let us take a derivative of (6.1) with respect to piµ and then use the
on-shell condition p2i +M
2
i = 0, p
2
j +M
2
j = 0. This generates an expression of the form
∂I
∂piµ
= {ℓ2 (−2pj · ℓ) (2pi · ℓ)2}−1 × finite× (−2pµi ) + less divergent terms . (6.2)
Now in the small ℓµ limit the integrand has 5 powers of ℓµ in the denominator and therefore the
integral has a logarithmic divergence in five dimensions. Similarly if we take two derivatives
of I and then use the on-shell condition, then the leading and subleading divergent pieces are
given by
∂2I
∂piµ∂piν
= {ℓ2 (−2pj · ℓ) (2pi · ℓ)3)}−1 × finite× (8pµi pνi )
+{ℓ2 (−2pj · ℓ) (2pi · ℓ)2)}−1 × finite× (−2 ηµν)
+{ℓ2 (−2pj · ℓ) (2pi · ℓ)2)}−1 × finite× (−2pµi )
+{ℓ2 (−2pj · ℓ) (2pi · ℓ)2)}−1 × finite× (−2pνi )
+less divergent terms . (6.3)
The first term on the right hand side has six powers of ℓµ in the denominator in the small
ℓµ limit. Therefore the integral is logarithmically divergent in six dimensions and linearly
divergent in five dimensions. The contribution to the integral from the second, third and
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fourth terms are free from divergence in six dimensions and are logarithmically divergent in
five dimensions. It follows from this analysis that for D = 5, 6 the divergent parts of the
derivatives of Γγ(i) are of the form:
D = 5 :
∂Γγ(i)
∂pia
= pai Γˇ
α
(i) + finite,
∂2Γα(i)
∂pia∂pib
= ηab Γˇα(i) + p
a
i Γˇ
α b
(i) + p
b
i Γˇ
αa
(i) + finite
D = 6 :
∂Γγ(i)
∂pia
= finite,
∂2Γα(i)
∂pia∂pib
= pai p
b
i Γˇ
′α
(i) + finite (6.4)
for some functions Γˇα(i), Γˇ
αb
(i) and Γˇ
′α
(i).
We shall now argue that these divergences do not make the right hand side of (2.44)
diverge. Since the divergences are more severe in D = 5 let us consider the D = 5 case –
this will automatically extend to the D = 6 case. The potential sources of divergence are the
terms involving derivatives of Γα(i) in the second, third and fourth lines on the right hand side
of (2.44). Now using the first equation in (6.4) we see that the potentially divergent term on
the second line is proportional to piapib − pibpia and therefore vanishes. The same argument
shows that the cross terms in the third and the fourth lines of (2.44) involving one factor of J
are also free from divergences. The remaining potentially divergent term in the third and the
fourth line is proportional to{
pbi
∂
∂pia
− pai
∂
∂pib
} {
pdi
∂
∂pic
− pci
∂
∂pid
}
Γα(i)(pi)
=
{
pbi p
d
i
∂2Γα(i)(pi)
∂pia ∂pic
+ ηad pbi
∂Γα(i)(pi)
∂pic
}
− {a↔ b} − {c↔ d}+ {a↔ b, c↔ d}
=
{
pbi p
d
i p
a
i Γˇ
αc
(i) + p
b
i p
d
i p
c
i Γˇ
αa
(i) + p
b
i p
d
i η
ac Γˇα(i) + η
ad pbi p
c
i Γˇ
α
(i)
}
−{a↔ b} − {c↔ d}+ {a↔ b, c↔ d}
= 0 . (6.5)
Therefore we see that the right hand side of (2.44) does not have any infrared divergence from
the terms involving derivatives of Γα(i) for D ≥ 5. One might worry that since the individual
terms are divergent, one needs a regularization before claiming that they cancel. This can be
done by keeping the external momenta slightly off-shell while computing the right hand side
of (2.44). This is in any case needed to define derivatives with respect to piµ for which we need
to treat all components of pi as independent.
Another potential source of infrared divergence on the right hand side of (2.44), (2.45) is
the derivative of the self energy contribution proportional to K (and its inverse proportional
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Figure 6: Infrared divergences in self-energy graphs. As usual the thin line denotes a particle
carrying soft momentum.
to Ξ). Consider for example the contribution to Kαβ from a diagram of the form shown in
Fig. 6 with the thin line denoting a massless particle carrying soft momentum ℓ. When the
momentum ℓ is small, the integrand is proportional to
I ′ = {ℓ2 (−2p · ℓ+ p2 +M2)}−1 × finite . (6.6)
In this case
∫
dDℓ I ′ has no divergence from the small ℓµ region for D ≥ 4. However since for
p2 +M2 = 0,
∂2I ′
∂pµ∂pν
= {ℓ2 (−2p · ℓ)3}−1 × 8 pµ pν × finite + less divergent terms , (6.7)
and
∂3I ′
∂pµ∂pν∂pρ
= −{ℓ2 (−2p · ℓ)4}−1 × 48 pµ pν pρ × finite + less divergent terms , (6.8)
∂2I ′/∂pµ∂pν diverges logarithmically forD = 5 and ∂3I ′/∂pµ∂pν∂pρ diverges linearly forD = 5
and logarithmically for D = 6. It follows from this that the the first derivative of Kαβ has
no divergence for D ≥ 5, but for D = 5, 6 the second and third derivatives of Kαβ can have
divergent pieces of the form
D = 5 :
∂2Kαβ(−pi)
∂piµ∂piν
= pµi p
ν
i Kˇαβ(−pi) + finite,
∂3Kαβ(−pi)
∂piµ∂piν∂piρ
= (ηµρpνi + η
µνpρi + η
νρpµi ) Kˇαβ(−pi)
+pµi p
ν
i Kˇαβρ(−pi) + pµi pρi Kˇαβν(−pi) + pρi pνi Kˇαβµ(−pi) + finite,
D = 6 :
∂2Kαβ(−pi)
∂piµ∂piν
= finite,
∂3Kαβ(−pi)
∂piµ∂piν∂piρ
= pµi p
ν
i p
ρ
i Kˇ′αβ(−pi) + finite, (6.9)
38
·
·
pj
pi
Γ
Γ
Γℓ
pj − ℓ
k
pi + ℓ
pi + ℓ + k
(a)
Γ
Figure 7: An apparently infrared divergent contribution to Fig. 2.
for some functions Kˇαβ(−pi), Kˇαβµ(−pi) and Kˇ′αβ(−pi). Similar result holds for the derivatives
of Ξi.
It is easy to check that these divergences also do not affect the final expression for the
sub-subleading soft theorem given in (2.44). Via (2.45) this contains second derivative of K
and Ξi with respect to momenta and therefore has logarithmic divergence in D = 5. However
the divergent piece in ∂2K/∂pµ∂pν (and ∂2Ξ/∂pµ∂pν) is proportional to pµpν . Substituting this
into (2.45) and using (2.34) one can easily verify that the corresponding contributions vanish
and therefore the final expression for the sub-subleading soft theorem is free from infrared
divergences.
To summarize, we have shown that the right hand side of the sub-subleading soft theorem
given in (2.44) is free from infrared divergences. Nevertheless since at the intermediate stages
of the analysis one encounters derivatives of Γα(i), Kαβ and Ξiαβ that are infrared divergent,
one could worry whether all the terms have been properly accounted for. To this end we
note that the original amplitude involving the soft graviton is manifestly free from infrared
divergences for any finite value of the soft momentum. Therefore any difference between the
original amplitude and (2.44) must be finite for any finite value of k. We shall now analyze
whether there can be such finite pieces that are left over in the difference between the actual
amplitude and the one given in (2.44).
Before proceeding further, it will be useful to get some insight into the origin of the apparent
infrared divergences arising in the soft limit. Let us consider for example the diagram shown
in Fig. 7 representing a possible contribution to Fig. 2. As long as k is finite, this represents
an infrared finite contribution in D ≥ 5 since in the limit when ℓ becomes small there are at
most four powers of ℓ in the denominator – one each from the propagators carrying momentum
pi + ℓ and pj − ℓ, and two from the propagator carrying momentum ℓ. However if we take
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the k → 0 limit then the propagator carrying momentum pi + k + ℓ supplies another factor
of ℓ in the denominator, causing the integral to diverge logarithmically in D = 5. In D ≥ 6
this still represents a finite integral, but if we attempt to expand the integrand in Taylor series
expansion in k, as is needed for computing the sub-subleading contribution, the next term in
the Taylor series expansion will diverge logarithmically in D = 6 and linearly in D = 5.
These divergences explain the origin of the infrared divergences appearing in the naive
Taylor series expansion (2.24) in powers of the soft momentum. For example in D = 5, the
contribution of Fig. 7 can diverge as ln(pi · k) as kµ → 0, and this shows up as logarithmic
divergence in the k-independent terms in the naive Taylor series expansion (2.24). On the other
hand in D = 6, the contribution from Fig. 7 is finite in the k → 0 limit, but has a subleading
contribution proportional to pi · k ln(pi · k). This shows up as a logarithmic divergence in the
coefficient of the order kµ terms in the naive Taylor series expansion (2.24). A similar analysis
can be carried out for the diagrams contributing to Fig. 1.
We now try to determine the tensor structures of the singular terms by analyzing the
divergences in individual terms arising during the analysis in section 2.4 We shall illustrate
this with an example. In expression (2.24) for Fig. 2, the kµ independent contribution (which
represents a contribution to the subleading soft graviton amplitude) involving a single derivative
with respect to piµ is expected to be logarithmically divergent. According to (6.4) the divergent
term in ∂Γα(i)/∂piµ is expected to be proportional to p
µ
i . Substituting this into (2.24) we see
that the divergent part of this term is proportional to εµνp
µ
i p
ν
i . This can also be seen directly
from Fig. 7, but analyzing the divergent part of (2.24) yields the result in simpler fashion.
Therefore we conclude that the possible error in the analysis of the k independent term in
(2.24) in D = 5 is proportional to εµνp
µ
i p
ν
i .
With this insight we shall now try to determine the tensor structures of the terms that could
possibly diverge in the k → 0 limit. First let us consider the subleading soft graviton theorem.
In this case intermediate steps of the analysis involve at most one derivative of Γα(i) and two
derivatives of K and Ξi with respect to the external momenta. These are free from divergences
forD ≥ 6, so we have to analyze the possible logarithmically divergent contributions forD = 5.
4The reason that we can do this is due to the fact that the general formulæ (2.24), (2.38) which express
the amplitudes with a soft external state to ones without it, are valid for off-shell momenta of the finite energy
external lines. Since for these there are no infrared divergences, the presence of infrared divergences in the
Taylor series expansion of the original amplitudes in powers of the soft momentum k can be inferred from
possible infrared divergences that arise in the Taylor series expansion of (2.24), (2.38) about on-shell external
momenta.
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The potentially infrared divergent terms from derivative of Γδ(i) are
ǫi,α(pi · k)−1 εµb pµi kapbi
∂
∂pia
Γα(i)(pi) and − ǫi,α εµb pµi
∂
∂pib
Γα(i)(pi) (6.10)
coming from Figs. 1 and 2 respectively. The divergent piece of ∂Γα(i)(pi)/∂piµ is proportional
to pµi . Therefore the divergent pieces in both terms in (6.10) are proportional to
εµν p
µ
i p
ν
i , (6.11)
and come with opposite coefficients. However one may worry that after the cancellation of the
divergent pieces one may be left with an extra finite piece proportional to (6.11). This will
generate an extra term of the form ∑
i
ǫi,α εµν p
µ
i p
ν
i Γ̂
′α
(i) (6.12)
for some amplitude Γ̂′α(i).
Another potential source of logarithmic divergence in D = 5 are the terms in (2.38) in-
volving second derivative of K, obtained after Taylor series expansion in soft momentum k
up to subleading order. After using the fact that the divergent part of ∂2K(−p)/∂pµ∂pν is
proportional to pµpν , and carefully examining all the terms proportional to ∂2K(−p)/∂pµ∂pν
appearing in the intermediate steps, one can see that the possible correction takes the form∑
i
ǫi,α εµν p
µ
i p
ν
i Γ̂
′′α
(i) , (6.13)
for some amplitude Γ′′α(i) .
Since the possible ambiguities from both sources are proportional to εµν p
µ
i p
ν
i , they can be
clubbed together. Therefore the net ambiguity in the subleading soft theorem takes the form
of an additive term of the form ∑
i
ǫi,α εµν p
µ
i p
ν
i Γ̂
α
(i) (6.14)
for some amplitude Γ̂α(i). Γ̂
α
(i) has at most logarithmic divergence in the k
µ → 0 limit.
We shall now argue that an additional term of the form (6.14) in the subleading soft graviton
amplitude is inconsistent with gauge invariance5 and therefore must vanish. For this let us
5Note that due to the way we have described the coupling of soft gravitons – by covariantizing the vertices
without the soft graviton – possible corrections to the soft graviton amplitude should be invariant under gauge
transformation of the soft graviton without using on-shell condition for other external states.
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consider shifting εµν by a pure gauge term
(kµξν + kνξµ) (6.15)
for any vector ξ satisfying k · ξ = 0. Then (6.14) changes by
2
∑
i
ǫi,α ξ · pi k · pi Γ̂α(i) . (6.16)
We now see that this does not vanish for general ξ and k unless
∑
i ǫi,αpiµpiν Γ̂
α
(i) is proportional
to ηµν . In the latter case (6.14) itself vanishes. Therefore (6.14) is not gauge invariant, and
the amplitude cannot have an additional contribution of the form given in (6.14). This shows
that the subleading soft theorem is unaffected by infrared divergences for D ≥ 5.
Next we consider sub-subleading soft graviton theorem. In this case the intermediate stages
of the analysis involve at most two derivatives of Γα(i), and at most three derivatives of K with
respect to the external momenta. These are free from divergences for D ≥ 7, so we need to
analyze the cases D = 5 and D = 6. Let us first consider the case D = 6. In this case terms
with single derivatives of Γα(i) are free from infrared divergences; so we need to analyze the terns
with two derivatives of Γα(i). Such terms arise from two sources. First there is a contribution
from Fig. 2 given by the last term in (2.24). Since the divergent part of ∂2Γα(i)(pi)/∂piµ∂piν
is proportional to pµi p
ν
i in D = 6, the divergent contribution to the last term in (2.24) is
proportional to
εµν p
µ
i p
ν
i pi · k . (6.17)
The other contribution involving two derivatives of Γα(i) comes from Fig. 1 and is given by the
Taylor series expansion of the Γδ(i) factor in (2.38). This is proportional to
(pi · k)−1 εµν pµi pνi (pi · k)2 , (6.18)
which is the same as (6.17). Therefore in D = 6, the amplitude may have a potentially
ambiguous contribution proportional to∑
i
ǫi,αεµνp
µ
i p
ν
i (pi · k) Γ¯′α(i) , (6.19)
for some amplitude Γ¯′α(i).
The potentially divergent self energy contributions in D = 6 come from terms involving
three derivatives of K in (2.38). Using the fact that the divergent part of ∂3K/∂pµ∂pν∂pρ is
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proportional to pµpνpρ one can see that the possible correction is proportional to∑
i
ǫi,αεµνp
µ
i p
ν
i (pi · k) Γ¯′′α(i) , (6.20)
for some amplitude Γ¯′′α(i) . This has the same form as (6.19) and can be clubbed with it. Therefore
the net ambiguous term in the sub-subleading soft graviton theorem in D = 6 is an additive
term of the form ∑
i
ǫi,αεµνp
µ
i p
ν
i (pi · k) Γ¯α(i) , (6.21)
for some amplitude Γ¯α(i). In the k
µ → 0 limit Γ¯α(i) can have logarithmic divergence.
Now under a gauge transformation of ε given in (6.15), (6.21) changes by
2
∑
i
ǫi,α ξ · pi (k · pi)2Γ¯α(i) . (6.22)
This does not vanish for general ξ and k satisfying k2 = 0, ξ · k = 0 unless ∑i ǫi,αpiµpiνpiρΓ¯α(i)
is proportional to
ηµνAρ + ηµρAν + ηνρAµ , (6.23)
for some function Aµ. In this case (6.21) itself vanishes. Therefore adding a term of the
form (6.21) to the amplitude is inconsistent with gauge invariance. This in turn proves that
sub-subleading soft graviton theorem is unaffected by infrared divergences for D = 6.
One can carry out a similar analysis for sub-subleading soft graviton theorem in D = 5.
In this case there are many types of terms that can have infrared divergences during the
intermediate stages of the analysis, and therefore the possible ambiguity is given by the sum of
all such terms. One finds that all such possibly divergent terms can be clubbed into the form6
εµν kρA
µνρ (6.24)
for some amplitude Aµνρ which has at most logarithmic divergence as kµ → 0. In particular the
(pi · k) terms in the denominator are always cancelled. Without loss of generality we can take
Aµνρ to be symmetric in the indices µ, ν. The requirement of gauge invariance now imposes
the constraint
ξµ kν kρA
µνρ = 0 . (6.25)
6The divergent term (6.21) in D = 6 is s special case of this where we choose Aµνρ to be
∑
i p
µ
i p
ν
i p
ρ
i ǫi,αΓ¯
α
(i) .
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This can be satisfied for general ξ and k satisfying ξ · k = 0, k2 = 0 if in the k → 0 limit
Aµνρ = P µ ηνρ + P ν ηµρ +Qρ ηµν +Bµνρ , (6.26)
for some function P µ, Qµ, Bµνρ with Bµνρ symmetric under µ↔ ν and satisfying
Bµνρ +Bµρν = 0 , (6.27)
for all µ, ν, ρ. It is easy to see that this, together with the relation Bµνρ = Bνµρ, gives
Bµνρ = 0 . (6.28)
Therefore we are left with the contribution to (6.26) from the terms proportional to the vectors
P and Q. However using (2.1) one can check that their contribution to the amplitude (6.24)
vanishes. Therefore even in five dimensions the sub-subleading soft graviton theorem does not
have any correction from the infrared divergent terms.
6.2 Collinear divergences
When some of the finite energy external states are massless, we can also have collinear di-
vergences. Again as mentioned in footnote 4, we can analyze their effect by examining the
presence of these divergences in (2.24), (2.38) and their derivatives in the on-shell limit.
Let us for example consider Fig. 5 representing a possible contribution to the Γα(i) factor
appearing in (2.24). Potential collinear divergences arise when one of the external states i or j
represent massless particle. Let the i-th particle be massless. Without loss of generality we can
choose a frame in which this particle moves along xD−1 so that the only nonzero component
of momenta are p0i and p
D−1
i . For any momentum p we now define p
± = p0 ± pD−1 and
~p⊥ = (p
1, · · · pD−2) so that p2 = −p+p− + ~p2⊥. In this language collinear region will correspond
to region of loop momentum integration where
ℓ+ ∼ 1, ~l⊥ ∼ λ, ℓ− ∼ λ2 , (6.29)
for some small λ. Therefore the small denominator factors of the integrand in Fig. 5 take the
form
I|p2
i
=0 ∼ (−ℓ+ℓ− + ~ℓ2⊥ − iǫ)−1 {−(p+i + ℓ+)ℓ− + ~ℓ2⊥ − iǫ}−1 . (6.30)
The collinear region is −p+i ≤ ℓ+ ≤ 0 since using the iǫ prescription one can easily verify that
outside this region the ℓ− integration contour can be deformed away from the singularities [69].
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Note that we have not included the denominator factor of the line carrying momentum pj − ℓ
since this remains finite in the limit (6.29). In this limit expression (6.30) goes as λ−4 for
p2i = 0, whereas the dℓ
−dD−2ℓ⊥ goes as λ
D. Therefore for D ≥ 5 there are no divergences.
However now consider taking derivatives with respect to piµ by first keeping pi off-shell and
and setting p2i = 0 after taking the derivative. We get
∂I
∂piµ
∣∣∣∣
p2i=0
∼ (−ℓ+ℓ− + ~ℓ2⊥ − iǫ)−1 {−(p+i + ℓ+)ℓ− + ~ℓ2⊥ − iǫ}−2(−2)(pµi + ℓµ) , (6.31)
∂2I
∂piµ∂piν
∣∣∣∣
p2i=0
∼ (−ℓ+ℓ−+ ~ℓ2⊥− iǫ)−1 {−(p+i + ℓ+)ℓ−+ ~ℓ2⊥− iǫ}−3(8)(pµi + ℓµ)(pνi + ℓν) . (6.32)
In order to analyze these let us define ℓ˜µ via
ℓµ =
ℓ+
p+i
pµi + ℓ˜
µ
i (6.33)
ℓ˜+ vanishes, and we have ℓ˜− = ℓ− and ℓ˜⊥ = ℓ⊥. When we substitute (6.33) into (6.31), (6.32)
the terms proportional to pµi are divergent since we now have six factors of λ in the denominator
of (6.31) and eight factors of λ in the denominator of (6.32). However our analysis of §6.1 shows
that divergent terms proportional to pµi or p
ν
i do not cause any problem. If we choose the terms
proportional to ℓ˜µ and/or ℓ˜ν then for µ, ν = − it is easy to see that the degrees of divergence
of (6.31) and (6.32) remain the same as (6.30) and therefore there is no divergence. However
there is a potential problem if we choose µ, ν =⊥ in (6.32) since now the integrand goes as λ−6
and the integration measure goes as λD. Therefore the integral is divergent in D = 5, 6.
We must however remember that we also have to take into account possible numerator
factors from the vertices. If the internal graviton with momentum ℓ had been a physical gravi-
ton then it would always carry polarization transverse to ℓ. This would couple to momentum
components of pi transverse to ℓ, giving a result proportional to ~ℓ
2
⊥ and killing the divergence
for D ≥ 5. This would be the case if we work in a physical gauge where only the transverse
components of the graviton propagate.7 Alternatively if we use de Donder gauge where lon-
7There is no conflict between choosing a physical gauge for the internal graviton and a covariant gauge for
the 1PI action. We can compute the 1PI action using physical gauge, then subtract the gauge fixing term
to get the gauge invariant 1PI action and then gauge fix it using covariant gauge condition. We can follow
the same procedure if the internal particle had been a massless vector particle instead of a graviton. In this
case we would only get a single factor of ~ℓ⊥ from the vertex. Naive power counting then shows that (6.32) is
logarithmically divergent for D = 5. However since the numerator will have three powers of ~ℓ⊥, the apparently
divergent term would vanish by ~ℓ⊥ → −~ℓ⊥ symmetry.
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gitudinal modes of the graviton also propagate, then the divergent contributions will vanish
after summing over different Feynman diagrams [70].
A similar analysis can be carried out for Fig. 6 to show that there is no collinear divergence
in the derivatives of this up to the desired order.
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